QUOTIENTS OF EXACT CATEGORIES BY CLUSTER 
TILTING SUBCATEGORIES AS MODULE CATEGORIES 



LAURENT DEMONET AND YU LIU 



Abstract. We prove that some subquotient categories of exact cate- 
gories are abelian. This generalizes a result by Koenig-Zhu in the case 
of (algebraic) triangulated categories. As a particular case, if an exact 
category B with enough projectives and injectives has a cluster tilting 
subcategory M, then B/M is abelian. More precisely, it is equivalent 
Q | to the category of finitely presented modules over M . 



1. Introduction 

Recently, cluster tilting theory (see for example [6l [2]) permitted to 
construct abelian categories from some triangulated categories. The main 
aim of this article is to provide a framework generalizing this observation to 
exact categories. 

Recall that an exact category is Frobenius if it has enough projectives 
and injectives and they coincide. From Happel [9j Theorem 2.6], the stable 
category of a Frobenius category has a structure of a triangulated category. 
On the other hand, by Keller- Reiten |18| Proposition 2.1], in the 2-Calabi- 
Yau case and then Koenig-Zhu |19| Theorem 3.3] in the general case, one can 
pass from triangulated categories to abelian categories by factoring out any 
cluster tilting subcategory. Combining these two results, we deduce that the 
quotient of a Frobenius category by a cluster tilting subcategory is abelian. 
Thus, this observation gives rise to a natural question: is the quotient of 
an exact category by a cluster tilting subcategory abelian? The aim of this 
article is to give a positive answer to this question. 

This new result seems a priori less surprising than the one in triangulated 
categories because these ones are intuitively further to abelian categories. 
Nevertheless, most triangulated categories appearing in representation the- 
ory turn out to be in fact algebraic {i.e. stable categories of Frobenius cate- 
gories). In this respect, the case of exact categories can be seen as a gener- 
alization of the result concerning triangulated categories, as well as a more 
natural version. To support this idea, we give examples coming from singu- 
larity theory and from ra-representation-finite algebras [15] in last section of 
this paper. 

Let B be an exact category with enough projectives and injectives and Ai 
be a full rigid subcategory of B {i.e. Extg(X, X) = for any X € A4). 
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We denote by M_ (resp. M) the full subcategory of the stable category B 
(resp. costable category B) with the same objects than M. 

Denote by £IM the class of objects X G B such that there exists a short 
exact sequence 

->• M -> / -> X ^ 

where M € Al, and I is injective. 

Denote by Ml (resp. Mr) the subcategory of objects X which admit 
short exact sequences 

O^X ^M ^ M 1 -^ (resp. O^Mi M ^ X^O) 

with M°,M 1 ,M ,M 1 G A4\ In this case, dP (resp. do) is a left (resp. right) 
A^-approximation of X. 

The main result of this paper (theorems 13.21 and 13. 5[) is 

Theorem. There are equivalences of categories: 

(1) between the subquotient category Ml/[M\ of B and the category of 
finitely presented module modAi if M contains all projective objects 
ofB; 

(2) between the subquotient category Mr/[£IM] of B and the category of 
finitely presented module mod M if M contains all injective objects 
ofB. 

This permits to get the following corollary (see lemma [2~3]) : 
Corollary. If M is contravariantly finite, then Ml/[M] is abelian. 

For the sake of generality, note that we have to consider categories of 
modules over additive categories. For mode details about these, see [2| I19j. 

The previous results concern categories Ml and Mr which have not good 
properties in general. From now on, we suppose that M is n-cluster tilting 
for some integer n > 2 (see |13| I14|). Thus, the properties of Ml and Mr 
becomes much clearer: in particular, 

M L = ±n ' 2 M = {X G B | Vi G {1, . . . , n - 2}, Ext^X, M) = 0} 

and Mr = M ±n ~ 2 = {X G B | Mi G {1, . . . , n - 2}, Ext^(M,X) = 0}, 

and therefore they are exact subcategories of B (see Remark 13. 7p . In partic- 
ular we get 

Corollary. If M is 2-cluster tilting then B/[M] ~ mod A! is abelian. 

As a particular case of this corollary, we obtain 

Corollary (Example 14. ip . Let S = CfX, Y, Z\ and G be a finite subgroup 
of GLj3(C) without pseudo-reflections acting on S. We suppose that R = S G 
is an isolated singularity. Then, denoting the category of Cohen- Macaulay 
modules over R by CM(i?), 

CM(R) /S*G\ op 
~ ' mod 



[S] V (e) 

where S * G is the skew-group algebra and the idempotent e corresponds to 
the trivial representation of G. 
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Moreover, if B has an (n — 1)-AR translation T n _i as denned in [13J, we 
can combine the two equivalences in the following commutative diagram of 
equivalences (see theorem 13. 13j) : 



-»- 8 M/[M] 



mod M 



M- 



! /[QM] 



mod Ai. 



By duality, if we denote by mod'.M (resp. mod' M) the category of finitely 
copresented modules over At (resp. Ai), we get the following commutative 
diagram: 

±n -*M/[nM] — ^ mod' M 



mod' Ai 



where Q,Ai the class of objects X € B such that there exists a short exact 
sequence 

O^X^P^M^O 

with M G Ai and P projective. 

In Section 2, we collect basic material on exact categories. Section 3 
contains main results and their proofs. In Section 4, we discuss several 
examples. 

2. Preliminaries 

2.1. Exact categories. In this section, we briefly review the essential prop- 
erties of exact categories. For more details, we refer to [7J, |17| Appendix 
A] and |20j . Let B be an additive category. Let us call weak short exact 
sequences of B pairs of morphisms (i, d) such that i is a kernel of d and d a 
cokernel of i. Let S be a class of weak short exact sequences of B, stable un- 
der isomorphisms, direct sums and direct summands. If a weak short exact 
sequence (i, d) is in S, we call it a short exact sequence, denote it by 

and we call i an inflation and d a deflation. The class S is told to be an 
exact structure on B (and B is said to be an exact category) if it satisfies the 
following properties, equivalent to the original axioms: 

• Identity morphisms are inflations and deflations. 

• The composition of two inflations (resp. deflations) is an inflation 
(resp. deflation). 

• If — >I 4^42- >0isa short exact sequence, for any morphisms 
/ : Z' — > Z and g : X — >■ X', there are commutative diagrams 
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the rows of which are short exact sequences, the square (1) being a 
pull-back and (2) being a push-out. In this case, we easily deduce 
from previous points that 

ff" 



■ d' 



, i-df) 



> Z 



-> Y' 



and Q^x^Ux'QY ( 9 '\ Y> 





• 



are short exact sequences. 
From the definition of the exact category, we get the following lemma. 

Lemma 2.1. // -> X -4 Y 4- Z -> and -> Y -4 IY -> Y -> are two 

short exact sequences, then there is a commutative diagram of short exact 
sequences 





— ^i^r^z »-0 



^ W — »-0 



v^=v 





where the upper-right square is both a push-out and a pull-back. 
Proof. Since / : Y — >■ W is an inflation, there exists a push-out 

d 




Then we get a short exact sequence — )■ Y — > Z (B W ^ U — > 0, and thus 
the above diagram is also a pull-back. Now, if g' : V — > W is a morphism 
such that g</ = 0, then by the definition of a pull-back diagram, there exists 
a morphism h : V — > Y 

V. „ 




IY^^£7 

such that g' = fh and g?/i = 0. Thus h factors through i, and therefore 
g' factors through fi. Finally, as fi is an inflation, fi is a kernel of g. If 
/ : W — > N satisfies Ifi = 0, then there exists a unique morphism k : Z — > N 
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such that // = kd, since d is the cokernel of i. Then by definition of a 
push-out diagram, there is a unique morphism s : U N such that / = sg: 

f \ 



An object P G B is said to be projective if for any deflation d, Hom^P, d) 
is surjective. A projective cover of an object X G B is a deflation P — >■ X 
where P is projective. An object I G B is said to be injective if for any 
inflation i, Homg(i, I) is surjective. An injective envelope of an object X G B 
is an inflation X — >■ 7 where I is injective. The subcategory of projectives 
(resp. injectives) is denoted by V (resp. X). 

As for abelian categories, B is said to have enough injectives (resp. enough 
projectives) if every object admits an injective envelope (resp. a projective 
cover) . 

As in abelian category, if B has enough injectives (resp. projectives), we 
can consider injective (resp. projective) resolutions and Ext functors as right- 
derived functors of Horn. Thus, for all X, Y G B, Extg(Y, X) parameterizes 
short exact sequences 0— s>0upto equivalence. 

2.2. Cluster tilting subcategories. From now on, let B be a Horn-finite 
Krull-Schmidt /c-linear exact category with enough injectives and projectives. 

Recall that a subcategory A4 is called contravariantly (resp. covariantly) 
finite in B if any object B of B admits a right (resp. left) M.- approximation, 
that is a morphism / : M — >■ B (resp. B — > M), where M G M such that 
every morphism from M to B (resp. from B to M) factors through /. 

A subcategory M of B is called n-rigid if 



M is called n- cluster tilting, if it satisfies the following conditions: 

(1) Ai is contravariantly finite and covariantly finite in B, 

(2) X G M if and only if Ext^(A, M) = 0, Vi G {1, 2, n - 1}, 

(3) A G M if and only if Ext^(A4, X) = 0, Vi G {1, 2, n - 1}. 
Clearly all n-cluster tilting subcategories are n-rigid. The unique 1-cluster 

tilting subcategory is B. By definition, if M. is n-cluster tilting, then V C A4, 
K M. 

2.3. The categories of modules over (co-)stable subcategories of B. 

For any object A, Y G and a full subcategory C of £>, denote by [C](A, Y) 
the set of morphisms in Homg(A A , Y) which factor through objects of C. If 
V C C (resp. ICC), the (co-) stable category C (resp. C) of C is the quotient 
category C/["P] (resp. C/[X]), i.e. the category which has the same objects 
than C and morphisms are defined as 



W 




Hence g is the cokernel of fi. 



□ 



Vi G {1, 2, n - 1}, Ext^(M A*) = 0. 



Hom c (X,y) := Rom c (X,Y)/[V}(X,Y) 
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(resp. Bom c (X,Y) := Rom c (X,Y)/[l](X,Y)). 

We denote the residue class of any morphism / G Home(X, Y) by / (resp. /) 
in C (resp. C). Denote by ModC the category of contravariant additive func- 
tors from C to modk for any category C. Let modC be the full subcategory 
of ModC consisting of objects A admitting an exact sequence: 

Hom c (-,Ci) A Hom c (-,C ) 4A^0 

where Co, Ci G C. 

Remark 2.2. Homc( — , C) is projective in ModC for any C G C. 

Lemma 2.3. For any contravariantly finite subcategory C of B which con- 
tains V , modC is an abelian category. 

Proof. It is enough to show that C has pseudokernels (see [3J §2]). Consider 
a morphism / G Homg(Ci, Co). Let 



-»• K 



f 

Po — > Co 







be a short exact sequence with Po projective. Then there is a commutative 
diagram of exact sequences: 




where the right square is a pull-back and a short exact sequence: 



o ->• l ' 9 \ Ci e p -^-A- C 0. 



Let : Cl — > L be a right C-approximation of L. We claim that g'k is a 
pseudokernel of /. If fh = for a morphism /i G Hom ^fC Ci) with C G C, 
then there exists an commutative diagram: 



C- 



hi 



P 



C 



ha 



Co 



where P is projective. As /' is a deflation, there exists a morphism /i' : P 
Po such that /'/i' = h^. Since 



G Hom B (C,Ci P 



and 



//l — ^2^1 = 0, 
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1^/^ ^ factors through ^ jj ' ^ . Since k is a right C-approximation of L, 
we have the following commutative diagram: 




and h factors though g'k. □ 

In general, even if C contains 1 and contravariantly finite, modC is not 
always abelian. 

3. Main results 

3.1. Quotient category of Ml by a rigid subcategory M. In this 
subsection, we assume that M is a rigid subcategory of B which contains V . 
Recall that Ml is the subcategory of objects X of B which admit a short 

exact sequence 0-^X%M°^hM 1 ^0 where M°, M 1 € M. Now we 
consider the functor 

H : M L ^ Mod A! 

From now on, we will consider the quotient category Ml/[M] and we will 
denote by [/] the residue class in Ml/[M] of any morphism / of Ml- 

Let 7r : Ml — > Ml/[M] be the projection functor. By definition of a 
rigid subcategory, HX = if X € M. Hence, by the universal property of 
tt, there exists a functor F : Ml/[M] — > ModA[ such that the following 
diagram commutes: 

Ml 




M l /[M] > ModAL 

Lemma 3.1. For any short exact sequence 

o^x^m°^Um 1 ^o 

where M®,M l € M, there is an exact sequence in Mod M 

Hom_ M (-,M°) -> Hom .^-.M 1 ) #A -> 0. 
77ms, FX = HX e mod At. 

Proof. Applying Home(M, — ) where M <G Af to the short exact sequence, 
we get a long exact sequence: 

Hom B (M,M°) Homs(M ' dl) ) Hom^M 1 ) A Extg(M, X) -> 0. 
This means that the following sequence in mod M is exact: 
Rom M (-,M°) -> Hom^(-,M 1 ) -»• #X -> 0. 
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As d 1 is a deflation, any morphism g G [V](M, M 1 ) factors through 
dr. Hence 5(g) = 0. Thus 5 induces a morphism 5 : Honx g(M, M 1 ) — > 
HX(M) = Ext^(M,X): 5(f) = 5(f). For any M G M, 6 is surjective. 
Moreover, since 5 oRom B (M,d 1 ) = 0, we get 5 o Hom B (M, d 1 ) = 0. If 
5(g) = for a morphism g G Homg(M, M 1 ), then by definition (5(g) = 0, 
there exists a morphism /i G Hom^M, M ) such that (7 = //t. Hence 5 = //i. 
Thus we get an exact sequence in mod 

Hom_ M (-,M°) -»■ Hom ^f-.M 1 ) -> FX ->■ 0. 

The last argument can be understood as the right exactness of the functor 
M®M - '■ modTW -4 modAl □ 



Theorem 3.2. T/ie functor F : _M L /[.A/f] 

categories. 



modAl i- s an equivalence of 



Proof. • Let us prove that F is full: 

Let X, Y G Ml and a G Hom mo d.M(-f 1 X, i 7 !"). Consider the following short 
exact sequences: 







0^Y 



M 
iV 1 











where M°,M l ,N°,N l G A4. By Lemma KT\ and because Honi/n (-, M 1 ) 
is projective in Mod At, we get the following diagram with exact rows in 
mod M: 



Hom M (-,M°) MK Horn A/f 



(- M 1 ) 



"0 



Horn 



,iV°) 



Hom .^f-.e 1 ) 



Horn 



Ml 



fx 



fy~ 







0. 



By Yoneda's Lemma, for i = 1, 2, there is a morphism f % G Horn A^fAP, N l ) 
such that = Horn A/) ( — , /*) and e 1 / = / cr. Then there exists a projective 
P £M,a£ Hom M (M°, P) and 6G?Iom A1 (P, iV 1 ) such that f l d l - e 1 / = 
ba. Thus, as e 1 is a deflation, there exists c G Hom_yvj(P, iV°) such that the 
following diagram commutes: 




Let g° = f° + ca, then g = f° and e 1 ^ = ./^d 1 . Therefore, there exists 
/ : X -> y such that e°/ = and a = 

• Let us prove that F is faithful: 
Let / : X — > Y be a morphism in Since d° is a left .A/f -approximation, 
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there exists a commutative diagram of short exact sequences 
^ X M° M 1 



/ 



f° 



Y 



N° 



f 1 
N 1 - 



and a commutative diagram in mod Aj 

Hom M (-,£) 



Hom^- M°) 
Hom A ,(-,iV ) 



Homxl-^ 1 ) 



FX 



Hom^(- jV 1 ) 



H{f) 



HY 



0. 



Assume that F(f) = 0. Then H(f) = and thus, there exists a morphism /3 : 
Hom_ A/f (-,M 1 ) ->• Horn et (—, N°) such that Hom A4 (— ,/*) = Horn M (— , e 1 )o 
/3. By Yoneda's Lemma, there exists a morphism g : M — )• iV° such that 
(3 = Horn A/j( — , q) and / x = e 1 ^. Then, as before, we can complete the 
following commutative diagram 

M 1 




P> 





N° 



N 1 



where P' is projective. Hence e 1 (d a' + g)d l = = e 1 / and there exists a 
morphism g' : M° -)• 1" such that eV = f-(c'a'+g)d l and e°(f-g'd°) = 0. 
Since e° is monic, / = g'dP, thus [/] = in Ml/[M]. 

• Let us prove that F is dense: 
For any object C € mod.M, there is an exact sequence in mod M: 



Horn 



Mi) A Hom M (-,M n ) -> 



where Mo, Mi eM. Since 

Hom modM (Hpm 7V! (-, Mi), Hom M (-, M )) ~ Hom M (Mi,M ) 

by Yoneda's Lemma, there exists / : Mi — > Mq such that /3 = Hom ^f-, /). 
Let 

0^K^P ^M ^0 

be a short exact sequence with Pq projective. From the proof of Lemma [2.31 
there exists a short exact sequence 



-> L 



Mi e p -^-A M -»• 0. 



Therefore L € .Ml an d there is an exact sequence: 

Horn M (-, Mi) A Hom M (-,M n ) -> FL -> 0. 
Since both and C are cokernels of /3, C ~ -FL. 



□ 
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By this theorem and Lemma 12.31 we get the following corollary: 

Corollary 3.3. If M is rigid and contravariantly finite, then Ml/[M] is 
abelian. 

3.2. Quotient category of Mr by Q.M. In this subsection we assume 
that M is a rigid subcategory of B which contains X. Recall that Mr is the 
subcategory of objects Y which admit a short exact sequence 

d' d' n 

o^iVi-^iVoAy^o 

where Nq, N\ G M and SIM the full subcategory of objects X € B such 
that there exists a short exact sequence 0— > M — > I — > X — > where 

M cM,l el. 

We denote 

K : Mr -> Mod M 



X H- Hom s (-,X). 

Let it' : Mr —> Mr/[£IM] be the projection functor. By the universal 
property of ir' , there is a functor G : Mr/[TIM] — > ModM which makes 
the following diagram commute: 



R 




M 



M u /[ttM] (; - Mod. VI. 

Lemma 3.4. For every X G Mr, G{X) = K(X) € mo&M. More pre- 
cisely, for every short exact sequence 

where M\ , Mq £ M , there is an exact sequence 

K{Mi) ^ K(M ) K(X) -> 0. 

Proof. For any nonzero object M € M, we have an exact sequence 

-> Hom B (M, Mi) ->• Horns (M, Mq) HomB(M ' do) ) Hom B (M, X) -> 

by applying Homg(M, — ). Hence do is a right A-l-approximation and K(do) : 
K(Mq) K(X) is surjective. If a morphism h G Homg(M, Md) satisfies 
doh = in B, then there exists an object 7 £ X and a commutative diagram 




Since 7 € M, there is a morphism c : 7 — > Mo such that 6 = doc. Hence 
doca = ba = doh, and thus do{h — ca) = 0. Therefore, h — ca factors through 
d\. Finally h factors through d\. □ 

Theorem 3.5. The functor G : Mr/[£IM] — > mod M is an equivalence of 
categories. 
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Proof. Let X , Y 6 Mr. By definition, there exist short exact sequences 



d<, d' n 

o -> jvi -i> iv -A y -> o. 

• Let us show that (and therefore G) is full: 
Let a : — > i^(y) be a morphism in mod.M. By Lemma l3.4| and be- 
cause if(Afo) is projective, we can form the following commutative diagram 

K( Ml ) K(M ) K(X) * 



K(d' 1 ) K(d' ) 

By Yoneda's Lemma, there exist g : Mq — > Nq and h : M\ — > N\ such 
that (3 = K(g) and 7 = K{h). Hence gd\ = d^h, and therefore gd\ — d! x h 
factors through some object I G X. As d\ is an inflation, we can complete 
the following commutative diagram: 



Mi 



di 



M 



gdi—d^h 






N . 



Thus, putting g' = g — be, we get g'd\ = d\h. Hence there is a morphism 
/ : X — > Y such that the diagram 











N 



Y 











commutes. Finally, a = K(f). 

• Let us show that G is faithful: 
Let Mo A- Im be an injective envelope of Mo. Let / : X — > Y be a morphism 
of .Mi?. If G([/]) = then K(f) = 0. Hence, fdo factors through some 
object in I. Therefore, we have a commutative diagram 



— y 
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Then, if N is a push-out of i and do, we can form the commutative diagram 




By Lemma 12.11 there is a short exact sequence 

-> Mi -> I M -> N 0. 

Hence JV G OM and then [/] = in .M^OM]. 
• Let us show that G is dense: 
For any object C G mod A4, there is an exact sequence 



K(Mi 



K(d) 



> K(M ) -> C -> 0. 



First, let us form a push-out diagram 

Mi -2 



M 



J' *- L 

where s is an injective envelope of Mi. Then 

-»• Mi -»■ J' © M -»• £ ->■ 
is a short exact sequence. By Lemma 13.41 we get an exact sequence 

K{Mi) -> K(M ) -> 0. 

Hence C ~ i^(L) = G(L). □ 



If we denote A4~ 
corollary: 



{X G Mr I Uom B (M,X) = 0}, we get the following 



Corollary 3.6. OM = M . 

Proo/. By definition, OM C AT" 1 . If X € AT" 1 , then = K(X) = 0. 

Since G is faithful, X G OM. □ 

3.3. Case of n-cluster tilting subcategories and AR translation. In 

this subsection, we assume that n > 1 and M. is an n-cluster tilting subcat- 
egory. 
Define 

±n - 2 M = {X G B I Vt G {1, . . . , n - 2}, Ext^(X, X) = 0} 
and M ±n ~ 2 = {X G £ | Vt € {1, . . . , n - 2}, Ext l B (.M, X) = 0} 

Remark 3.7. The categories - Ln_2 Ai and Ai ±n ~ 2 are extension closed and 
thus exact subcategories of B. 
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Proposition 3.8. The following equalities hold: 

^-2 M=Ml and m ±u-2 =Mr 

Proof. We only prove the first equality. Let A G ^-"- 2 M and — > A 

Iq — >■ C — > be a short exact sequence with Iq G 1. By definition of an 

exact category, we get the following commutative diagram 

X — ^->- I - C 

dx 

^ M x > C + C ^ 

where dx is a left .M-approximation and the first square is a push-out. 
Moreover, we have a short exact sequence 

(d x \ 

-> X M x ® h ^ C ^ 0. 

If M G M, we have an exact sequence 

Hom e (M x © I , M) -»• Hom B (A, M) -»• Ext^C", M) — >■ 

since Extg(Mx © Jo>-^J) = 0. Moreover, Hom,g(dx,M) is surjective, since 
dx is a left .M-approximation. Hence Extg(C",M) = 0. 

Moreover, applying Homg(- , M) where M £ A4 to the former short exact 
sequence, we get a long exact sequence 

► Ext^Mx © J , M) -> Ext^A, M) -> Extj+^C", M) 

-> Ext** 1 (M x ©J ,M) -»■••■ 

for Vt G {1, 2, n - 2}. Since Ext^(M x © J , M) = Ext^ +1 (M X © J , M) = 
0, we get Extjg(X, M) ~ Ext^C", M). 

Thus, as A G -^.M, Extfc(C",M) = if 1 < i < n - 1. As M is 
n-cluster tilting, C'gM. Finally, ±n - 2 M Q Ml- 

Suppose that X G Ml- Then it admits a short exact sequence 

0^X^M°^M 1 ^0 

where M^M 1 G A4. Applying Homg(- , M) where M G M, we get a long 
exact sequence 

= Extg(M°, M) -> Extg(A, M) -> Extg" 1 (M 1 , M) = 

for \/i G {1, 2, n — 2}. Therefore, A G ±n - 2 M. □ 

For any object M G A4, we fix a short exact sequence — >■ M — >■ Im — > 
N -> with I M £ I and denote A by HM. Notice that HM does not 
depend on Jm as an object of £IM. Moreover, if / : M — > M' is a morphism 
in M then we can form a commutative diagram: 

> M > I M TlM 



/ 


9 


\ 





M' I M , — > om' >- 
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where Vtf := h is uniquely determined by the morphism / in A4. Then we 

get 

Proposition 3.9. With the previous notation, £1 : A4 — > £IA4 is an equiva- 
lence of categories. 

Now, we assume that B has an AR translation t : B—> B with reciprocal 
r — . Following |13j . we define (n — 1)-AR translations 

r n -l ■ ±n - 2 V -> Z- 1 ™- 2 and t~_ x : T 1 ^ 2 -> - L "~ 2 7 ? 

by r n _i = rQ, n ~ 2 and rJLj = rll™ 2 (where f2 is the syzygy functor). In 
fact, the only property we need for these functors is that, if X G - L ™- 2 'P and 
Y G X -1 -"- 2 , the following functorial isomorphisms hold: 

(1) Ext^-\X,Y) ~ D Horng ( Y, t„_i A) ~ D Hom^v^, A), 

(2) V*E{l,2,...,n-2}, 

Ext^ 1 ^*, Y) ^DExt^(y,r n _iX) ~ D Ext^r^Y, X) 

where D = Homfc(— , A;). This is a weak version of |13| Theorem 1.5]. 

From this, we deduce easily that r n _i induces an equivalence from ±n - 2 A4 
to the inverse of which is t~\ = t~_-^. 

Remark that 

IeM« ExtfepT, M) = 0, Vi G {1, 2, n - 1} 
f rfonr B (X,r n _iX) =0 

\ Extj;(M, r n _iX) = for all i G {1, 2, n - 2} 
^r n _il G A4^ 2 nA?\ 

Moreover, as M X = TtM C X" 1 "- 2 , leMo r n _iX G 
Now A" G V implies that Extg -1 (X,£) = 0, then Hom B (#, r n _iA) = 0, 
which means r n _iJ G X. Dually A G X implies that t~\X G "P. Hence 
T n _]A G X. We get the following proposition 

Proposition 3.10. The functor T n _i induces an equivalence from A4 to 
VLM and an equivalence from ±n - 2 M/[M] to M ±n - 2 /[£IM]. 

Denote by Q the inverse of Q : A4 — > QAi. Then we have 

Corollary 3.11. The compositions r^ofi and£l 'ot„_i induce mutually 
inverse equivalences between A4 and M_. 

According to this corollary, we can define reciprocal equivalences: 

(1) n : Mod A4 -> Mod AT, fjt(C) = Co r^ofl, 

(2) fi- 1 : Mod AT ->■ Mod Al, ^(C) = C'oO^ovi. 
Thus we get: 

Proposition 3.12. TTie functors [i and induce mutually inverse equiv- 
alences between mod AA and mod A4 

Proof. We just check that fi sends an object in modA^ to an object in 
modA'l. For any object C G mod Ad, there exists an exact sequence: 

Horn A/f (— ■ Mi ) Hom^C-Mo) -» C -> 
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where M±,Mq G Ai. Hence we get the following commutative diagram: 



Eom B (T~\QM, Mi) — ^ Hom B (M, Q V n _iMi) 



Uom B {T-\SlMj) 



Hom K (r„7 1 1 OM,M n 



C(t-\QM) 



Rom B (M,Q r„_i/) 



7=r- 1 



Hom B (M,ft r n _iM 



where each column is exact and M G .M. Thus Cr n _ i r2 G mod.M. 



□ 



Theorem 3.13. 7/ £> /ias an (n — 1)-AR translation T n _\, then we have a 
diagram which is commutative up to the equivalence 



*M/[M] - 

Tn-l 

M ±n ~ a /pM] 



- mod M 
mod Ad- 



Proof. Let M G M and X G ±n - 2 M. Then, applying Hom B (X, -) to 
— >■ M — > /m — > ^M — >■ 0, we get an exact sequence: 

Hom B (X,/ M ) H ° ms(X,a) > Hom B (X,fW) -> Ext^(X,M) -> 

Moreover, if / G X, applying Home(/, -) as I £ M and A4 is cluster tilting, 
we get an exact sequence 

Hom B (/,/ M ) H ° ms(/ ' a) > Rom B (I,TLM) -> Ext^(/,M) = 
and therefore 

Ext^(X,M) ~ Rom B (X,T}M)/lm(Rom B (X,a)) = Homg (X, TtM) . 

Hence, if n = 2, we have 

Honi B (M,riX) ~ DExt B (X,M) ~ DHonT B (X,^M) 
~ DHom B pf , tit^VlM) 

which implies that G(riX)(M) ~ /j,(FX)(M). As all the isomorphisms used 
are functorial in M and X, Gt\ ~ ^U-F as functors. 
When n > 3, we get an exact sequence 



= Ext J e (X, J M ) ->• Ext^(X, SIM) -»■ Extj^X, M) -> Ext^ +i (X, 7 M ) = 
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for i > 1. Thus we have Ext l B (X,HM) ~ Ext^p^M). Since X G 

Honi B (M,r n _iX) ~ D Extg~ x (X, M) ~ D Extg~ 2 (A, fiM) 
~ Ext^(^M,r n _iX) 

which also implies G(r n _iX)(M) ~ fx(FX)(M). As all the isomorphisms 
used are functorial, Gr n _i ~ /xi 7 as functors. □ 



4. Examples 

In this section, we explain two sources of examples, one coming from Ge- 
ometry (Cohen-Macauley modules over a singularity) and the other one com- 
ing more directly from representation theory (Auslander algebras). These 
example have been studied extensively by Iyama (see |13| and |14| ) from the 
point of view of (higher) cluster tilting theory. 

Example 4.1. Let S = C[Xi, A2, ■ ■ ■ , X^J be a formal power series ring in d 
variables and G be a finite subgroup of GL^(C) without pseudo-reflections 
acting on S. Let R = S . According to |12^ Proposition 13], R is a complete 
local Cohen-Macaulay ring of Krull-dimension d. Then, by |13[ Theorem 
2.5], if R is an isolated singularity, S is a [d — l)-cluster tilting object of 
CM(R). 

It is known by end of proof of Proposition 2.1] together with the dis- 
cussion after [31 Proposition 1.1] that End^(5) ~ S * G where S * G is the 
usual skew-group algebra (see also |16|). Thus, in this case, if d > 3, we 
deduce from Theorem 13.21 that 

~ mod (End R (S)r = mod 

where the idempotent 

_ J2 g ea9 

corresponds to the trivial representation of G. 

Remark that, if R is not Gorenstein, then the exact category of Cohen- 
Macaulay modules CM(iZ) is not Frobenius. Moreover R is Gorenstein if 
and only if G G SL n (C) |21[ Theorem 1]. In the Gorenstein case, see also [1] 
which realizes CM(i?) as a generalized cluster category. 

Recently Herschend, Iyama and Oppermann studied n -representation- 
finite algebras (see for example |10| [TTJ [TJl US]), which are finite dimensen- 
sional algebras with global dimension at most n and has an n-cluster tilting 
module. We can apply our results to all of those algebras. From now on, we 
describe explicitely a simple example taken from [14J. 
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FIGURE 1 . Quiver of M 

Example 4.2. Let A be the Auslander algebra of kA%. That is kQ/R where 
Q is the following quiver 



6 



and the ideal of relations R is generated by the mesh relations symbolized 
by dashed lines. Then, using the method introduced in [14, §1], one can 
compute a cluster tilting subcategory A4 of mod A. It is generated by the 
direct sum of the t^(DN) for i > where T2 is the 2-AR translation. 

Let us compute the r|(-DA), each indecomposable module being depicted 
by its compositions series representation: 

DA = 1 1 , ® 1 2 0a 2 ©4 2 30 5 3 , 
2 3 4 5 6 



t 2 (DA) = 4 4 5 © 6 5 rl(DA) = 6 T$(DA) = 0. 
The quiver of Ad is given in Figure [TJ 

Then we can calculate ttAi easily since in this case flM = M ={X £ 
mod A | Houla(.A4, X) = 0}. We give a full view of these categories in Figure 
1. 

In this example, the quiver of modA/[A4] is the following. 

3 2 
5 3 

y \ 

= 4 3 2 

5 4 3 



The quiver of A4 is the following. 
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2 . 1 

4 2 

4 1 

As expected, we obtain that modA/[7W] — mod.M. One can also calculate 
and check the equivalence mod A/[A7 ] — modM. 

Example 4.3. Keeping previous notation, let 

M' = add ( 6 6 5 6 5 3 e 4 5 04%© 1 2 3 04e 4 2 ) . 

We get V C M 1 C M. Hence A4' is a rigid subcategory of mod A containing 
all the projective objects. By Theorem 13.21 we get M' L /[A4'} ~ mod A4' . In 
fact 

M' L = M' © add ( 5 © 5 3 4 5 3 ) 
and the quiver of M' L /[A4'} is the following: 

3 



5 



4 3 

5 



which is isomorphic to the AR quiver of A4 ~ fc[4 — > 4 2 ] 
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